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A Heuristic Based on the Reduction Cost Concept for SEI

 §

Policy with Nonlinear Increasing Demand Pattern

Ririn Diar Astanti"'and Huynh Trung Luong’
Industrial & Manufacturing Engineering Field of Study
Asian Institute of Technology, Klong Luang Pathumthani 12120, THAILAND
Email: st104179@ait.ac.th’ or ririn@mail.uajy.ac.id'
luong@ait.ac.th*

Abstract. Traditional inventory policy EOQ has been developed in the past for constant demand pat:
infinite planning horizon. However. at the growth stage of product life cycle, demand rate Jfor any |
products are not stable anymore but have increasing form. In that situation, thus, the use of EQQ mig
inappropriate result. In this paper, a heuristic technique based on the reduction cost concept Jor SFT (Sh

=S

Followed by Inventory) policy with nonlinear increasing demand pattern under finite planning hor.-

developed. In the proposed heuristic technique, first, Wangs consecutive method (Computer and Or
Research, 29:1819-1825, 2002) is used to determine

shortage starting points. Then, the concept of reduci

cost, which is defined as the difference between reduction of holding cost when shortage is allowed =

shoritage cost that is incurred, is introduced and is applied to find replenishment times in each eyele
that the proposed heuristic technique is developed in such a way that demand during pre-defined plzrn
horizon can always be fulfilled. Numerical examples is conducted to illustrate the applicability of the pro-c-

technique and to compare the results from the proposed technique with those from other technigques devz!

in the past.

Keywords: Inventory policy, heuristic, nonlinear increasing demand, reduction cost concept, shortage

L. INTRODUCTION

The stable demand pattern usually typifics for any
particular products that have reached the mature stage of their
lite cycle. The popular EOQ policy can then be appliced
appropriately in this situation, as it was developed under the
assumption of stable demand pattern. However, cspecially
new product usually passes through a growth stage before
reaching its mature stage. The growth stage itself is
characterized by increasing demand pattern, thus, EOQ
policy might not appropriate to be applied in this situation. A
proper inventory policy for increasing demand pattern is then
needed.

Initial works on inventory policy for lincar increasing
demand pattern were done by Resh et al.(1976) and
Donaldson  (1977) who  developed  the  exact  solution
procedure, followed by other rescarchers such as Ritchic
(1984), Hariga (1993), and Lo et al. (2002).

Due to the complexity of some exact solution procedures,
many researchers have also developed the heuristic technique

to solve inventory replenishment problem for linear

increasing demand such as: Silver (1979): Phelps
Mitra et al,, (1984); Teng (1994). The performance
heuristics  techniques above is comparable s
provide total inventory cost that is just slightly hicher
that of the exact solution procedure of Donaldson (197~

As In some products, the nonlinear form 1s more <uo
to represent the demand pattern; other researchors
developed also the inventory policy for this case. 1=
the case of linear increasing demand, there ar
researchers have been found such as Yeng et al.
Wang (2002). Tt is noted that Wang (2002) has
concept of reduction cost and has developed th
mcthod that outperforms the best heurisuc
by Yang et al. (1999},

All the researches that have been D

o

W
.
f
[}
[
[}

consider non-shortage case. which
always goods available to meet all the dom
reality, it happens a situation in -
demand arrives there are no stock of =
called shortage. If all cusiomers dur
intending to wait until next replenishmens 2 e
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called completely backlogged.

According to Zhou et al. (2004), the inventory policy for
shortage case can be divided in two: 1) Inventory Followed
by Shortage (iFS) and 2) Shoriage Followed by Inventory
¢(SFI). The research on IFS policy for nonlinear increasing
demand and completely backlogged has been done by Hariga
(1994) who developed exact solution procedure, followed by
Yang (2006) who developed the exact solution procedure
based on backward recursive algorithm. It is noted that Yang
(2006) also provided the exact salution procedure not only

pir ‘ ‘ery specific demand pat[nm

Beside exact solution, [hc heunsnc method has been
developed by Yang et al. (2002) who introduced the forward
recursive algorithm for SFI policy with completely

. backlogged. It is noted that even though shortages are

b’ assumed to be completely backlogged there still exist
shortages at the end of planning horizon, which means that
demand over pre-defined planning horizon are not fulfifled.
However, both of Yang et al. (2002) and Yang (2006) have
not mentioned yet how to cope with this situation.

Another heuristic technique is recently done by Astanti &
Luong (2008) who developed the heuristic technique for TFS
policy with completely backlogged, in such a way that
demand during pre-defined planning horizon can always be
met. In the work of Astanti & Luong, they extended the work
of Wang (2002) who was originally developed for non-
shortage case and then compared the results with those from
Nelder-Mead technique provided by Chen et al. (2007). It is
noted that, Chen et al. (2007) proposed a direct search
method based on the Nelder-Mead algorithm for 1FS policy
by considering whole stages of product life cycle, in which
demand 1s assumed to follow a revised Beta function.

The focus of this research is to develop an algorithm for
SFI policy with nonlincar increasing demand and completely
backlogged in such a way that demands during pre-defined
planning horizon can be met. To iltustrate the applicability
and the performance of the proposed technique, the resulis
from it arc then compared with those from Yang ct al. (2002)
and Chen ct al. (2007). As originally Chen et al. (2007)’s
mcthod has been developed for TFS policy, then in this paper
it is slightly modified to deal with SFI policy.

There are two stages uscd in the proposed technique. The
first stage is purposed to find shortage point {s,}in a pre-
defined planning horizon by applying the method of Wang’s
that originally was developed to find replenishment time
{{,}.Thcn, the techmigue based on the reduction cost concept
is introduced and 15 applicd o find veplenishiment tme
{".} in each cycle. Tt 1s noted that by applying the proposed
heuristic technigue, demand over pre-defined planning
horizon can always be met.

The remaining parts of this paper are organized as

follows. Mathematical development, in which the expression
of total inventory cost is developed, is presented in Section 2.
In Section 3, the consecutive method of Wang (2002) to find
shortage point {sj} and the proposed heuristic technique to
find replenishment time {I,} is discussed. Some numerical
experiments to illustrate the applicability of the proposed
technique are conducted in Section 4, followed by some
concluding remarks in Section 5.

2. MATHEMATICAL MODEL

The following notations are used throughout the paper:

H : length of planning horizon under consideration
S{¢) : demand rate at time¢, which is assumed to be a

nonlinear increasing

¢ ordering cost per order

s holding cost per unit per unit time

e shortage cost per unit per unit time

n : number of replenishment cycles in the planning
hortzon

L . the r”’ replenishment time (i = [,2,...,n)

5 . the i shortage starting point (i=12,..,n,n+1),

which is also the starting pomt of the 1”1’ cycle
[558 £+1]= except that s, =H

I{r) : inventory level at time ¢, that is evaluated after
replenishment arrives at time t=t, in the i
cycle [S{-,sm]

The behavior of the inventory level function under SFI
policy is illustrated in Figure 1. For mathematical model
development, the following assumptions are used:

1) Replenishments are made only attimes £,’s (i=1,2,..,n)

i) Lead ume is replenishment  is
instantaneous.

11) The quantity replenishment that is received at time ¢ is
used to meet the accumulated shortage from time s, to

t (s, <) (i =1,..,1)

v} Shortages are permitted at the beginning of each cycle but
no shortages are permitted at the end of planning horizon

(le,s, =)

=D \h

(rq\l[] t Sy Spe1™—

negligible, i.e,

=Time

Figure 1: Inventory fevel under SFI policy

By using the assumption above, the expression for the
total inventory cost; which comprises of ordering cost,
holding cost and shortage cost; of SFI system during
planning horizon 77 when 5 orders are placed is expressed

Nusa Dua, Bali — INDONESIA pecember 3rd - 5th, 2008
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below:

C(n,{si},{ti})zncl+czif,-+63i3,- (1)
=1 [

=1
in which
I, cumulative holding inventory during cycle i

S; cumulative shortage during cycle i

1

The expressions of cumulative holding inventory /. and
cumulative shortage S; for each cycle i from s, to s,
will be derived in section 2.1 and 2.2 below.

1

2.1 Cumulative Holding Inventory 7,

Cumulative holding 7, in cycle i (i=1,2,...,1) can be
determined as:

1= | foydrdr

4

= (501~ F () | Py (2)

I

fi

in which
!

F()=]f(0dr, denote the cumulative demand from time
0

0 to time ¢.

2.2 Cumulative Shortage S,

Cumulative shortage S, in cycle ¢ (i=12,...n) can
be determined as:

-

]
S, =1 /(o)drdr

= (5 --r!)F(s,)+]j' F(r)dr (3)

5,

From (2) and (3)the expression of the total inventory cost
can be defined as:

Clnds}fe}) = ne + e, X[ (50 —1)F (8,0 - | F(r)d.r}
1?—';L i

r y
+ ¢ ﬁ';it(s; ~1)F(s)+ ] F(z)dfl (4)
=1

1
5

3. HEURISTIC TECHNIQUE BASED ON THE
CONCEPT OF REDUCTION COST

From (4), it can be scen that the total inventory cost
function can be determined if we know the value of
replenishment time ¢ ’s and shortage points s;’s. In this
paper, the value of shortage point s;’s is determined by
using consecutive method proposed by Wang (2002), who
originally developed it to find replenishment time ¢ ’s for
non-shortage case. Then, the proposed heuristic technique is
applied to determine replenishment time ¢, ’s. It is noted that
the main idea of both Wang’s consecutive method and the
proposed heuristic technique is to check if there are any
possibilities to reduce the total cost. Detail procedures to find
shortage point s, ’s and replenishment time ¢ ’s are
explained in Section 3.1 and 3.2 below.

3.1 Proccedure to find s,

As it was mentioned before, Wang’s consecutive method
was originally developed to find replenishment time ¢, ’s for
inventory policy with nonlinear increasing demand without
shortage. However, 1n this paper, Wang’s consecutive method
is applied to help determine the shortage pointss, ’s.

In Wang’s method, the approach begins with the use of
one replenishment to meet demands over planning horizon
H.Order size (0, therefore, will be cumulative demand for
period [0, H]. The inventory level in this situation is
presented in Figure 2.

To examine if there are any possibilities to reduce total
inventory cost, another replenishment is placed at time
t;. Therefore, the order size of two replenishments, i.c., Q
and (), are determined as the cumulative demand from
period [0,!2} and [Iz,H] respectively. It is noted that an
additional replenishment can help to reduce inventory
holding cost, but with the additional ordering cost will be
added (see Figure 3). Hence, an additional replenishment ¢,
1s preferred if the reduction in holding cost is greater than an
additional ordering cost. The optimal value of ¢, itself, if
exist, can be found by maximizing the difference between
reduction in holding cost and ordering cost. The same step
can be then applied in ecach cycle until no reduction in total
inventory cost has been found.

Inventory Level

T

;=0 H 7

Time

Figure 2: Inventory level with one replenishment

Nusa Dua, Bali — INDONESIA Dpecempber 2rd - Sth, 2008
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As the values of s;and s, are known before, then the
value of F(¢;) can be determined by using any search
algorithm i.e. bisection algorithm, then the unique solution of
t: can be determined.

As the demand rate f(f) is assumed to be increasing and
¢4 > ¢y , the second-order derivative is

d*RC

=—(cy+6;) [ (1) <0,

4. Numerical Examples

In this section, numerical experiments are conducted to
illustrate the applicability of the proposed technique. Two
examples are considered here. '

Example 1 (Yang et al.,2002): Consider demand function of
the form: f()=(a+bt)" with u=2,a=10,b=30. Othcr
parameters are set as follows: ff =1,¢, =4.5,¢, =l,¢; =3.5.

Step-by-step procedure to determine s;’s (i=1,2,...n)and
t;’s (i=1,2,..,n) and is determined through a two-stage
procedure as presented below.

Stage 1. Apply Wang’s procedure as discussed in Section 3.1
to find shortage starting points. The details are
explained as follows:

e At first, only one replenishment at time ¢, =0 with order
size QO is considered to meet the demand over planning
horizon [0,H]. The resultis Q) = 700.

e In the first iteration, an additional replenishment at time
t, € (0,H) is considered. The optimal value of +, can
be found by maximizing the difference between the
holding cost reduction and the ordering cost. The result is
££:0.5988 and the corresponding reduction cost 1s
280.3220, which is greater than the ordering cost.
Therefore, this value of ¢, is acceptable. The existence
of t; will then form two replenishment cycles i the
planning horizon,i.c.,[O,[; and [[;,Hl

e Next, we continue to cxamine in cach of the above two
replenishment  cyeles  te  determine if  additional
replenishment times £ € ((],{;) and ¢, € (r;,HJ will
help to reduce total inventory cost further. The same
procedure is employed to find the optimal values of
ty.t, and the results arc !; =0.3501 and ¢ = 0.8151.
The corresponding reduction costs arc 51.5247 and
55.5379 respectively, which are greater than the cost of an

additional order. Therefore, these two additional

replenishments are also accepted.

e The next iteration with the same procedure is performed
until no further improvement in total inventory cost is
found. The complete result from Wang’s procedure is
presented in Figure 6a, in which the length of cycle iis
from [ti-,tm]. But, as in this paper we are dealing with
the SFI policy in which the length of cycle iis from
[S;’S;H ], then the result from Wang’s procedure is
adjusted as is presented in Figure 6b. By this adjustment,
then, the shortage starting point can be determined. The
next stage is performed to determine replenishment time
in each cycle i [Si,SH].

L ! ) I | I 1
po= BRSOl p =AW 4 =05, =02 = RESEe, =0 Pl

b 5 iu "':”“Il""" '-‘,'—-‘E‘S‘EI 5 --imn so=0 ;'\-:sr;-.' :.:)."-;mr ="<>j|<i 5 ,,.»_.!..m F=1
Figure 6: a Length of cycle i of Wang’s.
b Length of cycle iof SFIpolicy.

Stage 2. In this stage, the proposed procedure that has been
explained before in Section 3.2 is performed to
determine optimal replenishment time in each cycle
i [s,-jsm]. It is noted that the optimal
replenishment time 7, ’s can be found by solving
maximization problem with the objective function
is to maximize the reduction cost (the difference
between the holding cost when shortages are
allowed and the shortage cost that is incurred).
Complete solutions for Example 1 is presented in

Table 1 with the corresponding total inventory cost
is C=67.46.

Table 11 Optimal replenishment schedule - Example 1

! Cycle i 5, £ Order Size

] 0.0000 0.0630 34.0559 |

2 0.1987 0.2396 50.5983

3 0.3501 0.3840 67.4477

4 0.4830 0.5115 79.7241

5 0.5988 0.6263 99.8823

6 0.7121 0.7368 111.5424

7 0.8151 0.8377 123.3745
8 | ogis | 00317 | 1333748 |
Touwl T 00000
_Ending time 1.0000 | I

Tt is noted that the total inventory cost reported by Yang
et al. (2002) for this example is 66.13 with n=7. However,
in the replenishment schedule reported by Yang et al. (2002),

Nusa Dua, Bali — INDONESIA pecember 3rd - 5th, 2008
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Inventory Level

'y

7 .F"'I-/

Reducrion

t|,=-=0 o v B Time

Figure 3: Inventory level with two replenishments

The optimal timing of replenishment resulted from
Wang’s is depicted in Figure 4a, with the length of cycle i
is from fja’m]- As for SFI policy that is considered in this
paper the length of cycle i goes from [sj,sj +1]= therefore,
Figure 4a is adjusted to Figure 4b. Then, it can be clearly
seen in Figure 4b now that the length of cycle i is
from[si,sm]. Thus, the shortage point that is defined as the
point where the inventory drops to zero can easily be known.
The next step is to determine the timing of replenishment ¢,
in each cycle i[sj,s,.ﬂ ]

Inveatory level

a
e
™
1y=0 [ f  taH Fime
b
cyel
] 3 # < e Fime
Figurc 4: a Length of cycle i of Wang’s.
b Length of cycle i of SFI policy.
3.2 Procedure to find ¢,
Replenishment times #, 's in cach cycle i can be

determined by solving a maximization problem, with the
objective function is to maximize the reduction cost.
Reduction cost here is defined as the difference between
reduction in holding cost when shortage is allowed and the
shortage cost that is incurred. The maximization problem is
formulated as follows:

xmnmﬁckd”ncjjﬁ)wq(f

Subject to

-
IA
-
IA
-

in which:
R Reduction cost in cycle i
JI{ J, ,43'] The areas showed in Figure 5, which represent fc

the reduction of cumulative holding inventor

and cumulative shortage in cycle 7

Figure 5: Reduction cost

Positive value of reduction cost means that shortage j
allowed to be occurred in cycle i. Otherwise, shortage is nc
allowed to be occurred, as the negative value of reductio
cost RCY) means that the appear of shortage will increas
the total inventory cost. The expression of RCY i
presented as follows.

RCY =, ) -, 41"

= lji g‘jﬂ f(r)drdr—-c;j' jf(r)dm’f =

H %

!

= 4t = 85,)F (5,01~ | F(t)de

+e {(ff ~s5;)F(s;) ] F{I]d{}

Y
'

=t =5 )F(s0)+ o, —5)F(s,)

ey +e;) F(el (6)

\l

It £ is the optimal time for replenishment time durin
- A * o s o
interval [s‘-,s”u‘, then ¢ satisfics the condition:
dRC
di,

0

F (s, 6 F () (e +e)F() =0

Nusa Dua, Bali — INDONESIA December 3rd - 5th, 2008
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although shortages were assumed to be completely
backlogged, there still existed a shortage period at the end of
the planning horizon, and the author did not mention how to

deal with this shortage (sec Figure 7 for illustration).

00820 In.:vzl m lk
aTKKLY 0SKTR Y

o | 6.2437 (TR \I ) \‘I [XSTIRY

Figure 7: Optimal replenishment schedule of
Yang et al. (2002)

Liventory level

Practically, there are two ways to fulfill the demand at the
end of the planning horizon in this case either by (1) adding
one replenishment at the end of the planning horizon with the
replenishment quantity exactly equals to the shortage amount,
or (2) increasing the time coverage of the last replenishment
cycle. The associated costs of these two adjustments are
shown also in Table 2 for comparison purpose,

Table 2: Comparison of the results between the proposed
technique and adjusted Yang’s et al. (2002)

lime
w9798 Y1

From Table 2, it can be seen that, if the total demand in
the planning horizon must be strictly fulfilled, the total
inventory cost resulted from our proposed technigue is
smaller as compared with the ones received from adjusted
Yang’s models.

Example 2 (Yang et al.. 1999): In this example, the second
cxample from 12 Sampie Problems of Yang et al.(1999) is
considered. Demand rate has a form F{t)=a+br+er,
[a,h,c-‘z()} with the detail parameters as follows: a=10
b =900, c=100, H =2, = a1

The second sample problem taken from Yang, ct al.
(1999) is then solved by using our proposed technique. For

bl

[ Cyal Proposed ) '
ycle ropose ) ;
Adjusted Yz st Vit
i tec s djusted dng,,( 1} | Adjusted Yang (2)
S; I S, | §; !
|1 | 0.0000 | 0.0630 | 0.0000 | 0.0826 | 0.0000 | 0.082¢
2 | 01987 | 0.23% | 0.2457 | 0.2923 | 0.2457 | 0.2923
3_ 103501 | 03840 | 04171 | 04528 | 04171 | 04528 |
4| 04830 | 05115 | 0.5574 | 0.5873 | 0.5574 | 0.5873
5_ | 0.5988 | 0.6263 | 06791 | 0.7053 | 06791 | 0.7053 |
6 Lor2r Tosse [ 07881 | 08117 | 07881 | 08117 |
70815 | 08377 | 0.8576 | 0.9093 | 0.8876 | 0.9093 |
8 Joows [o9517 Jogres |
ln
N 1.0000 1.0000 1.0000
,,UIHCL7 o ____J ] N S
c J 67.46 70.63 67.38

comparison purpose, the second sample problem taken from
Yang et al. (1999) is also solved by using Nelder-Mead
technique provided by Chen et al. (2007), and the results are
presented below in Table 3.

It is noted that the Nelder-Mead technique that has been
proposed by Chen et al. (2007) originally was used to solve
inventory replenishment problem for IFS policy by
considering a whole stage of product life cycle. As the
Nelder-Mead algorithm is a gencral search technique, the
proposed technique of Chen et al. (2007) can be applied also
for the case of increasing demand pattern. Therefore, in this
paper, the Nelder-Mead technique provided by Chen et al.
(2007) has been slightly modified to incorporate increasing
demand pattern and SFI policy as well.

Table 3: Comparison of the results from proposed technique
with those from Nelder-Mead technique — Example

2

L Proposed technique Nelder-Mead technique

Case Total C_O - Total C.omp.

n cost Time* n Cost Time*
{second) {second)
cy = 2.562 22 | 326.07 0.30 17 | 320.59 | 2539.70
c; =3¢, 22 | 348.63 0.23 17 | 346.85 | 4348.90
¢ =75¢, | 22 | 358.11 0.22 17 | 358.53 | 5842.09
c3=75¢; | 22| 379.16 0.20 20 | 379.71 | 3319.80

(*: recorded on a PC with Intel P4 3.4GHz & 1 GB RAM)

From the results that are presented in Table 3. it can be
seen that our proposed technique is comparable with the
proposed technique of Chen et al. (2007) in term of solution
quality. Moreover, the computational times required in our
technique are much smaller.

5. CONCLUSION

In this proposed heuristic technique, the consecutive
method of Wang (2002), whe originally is developed to
determine replenishment time for non shortage case, is used
to determine the length of cycle [s;—,s,ﬂ ]

The technique developed in this paper gives a new way 10
solve the inventory problem for nonlinear increasing demand
pattern with SFT policy, in which shortage is allowed to occur
m the beginning of cycle. From the numerical experiments
results conducted in this paper. it can be scen that the total
inventory cost resulted from the proposed technique is
comparable with the result from adjusted Yang’s et al. (2002).
In addition, the proposed heuristic technique requires less
computational time as compared with the method based on
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Nelder-Mead of Chen et al. (2007).

The main contribution of this research is the new concept
of reduction cost used in the proposed technique, which is
casy for practitioners to understand and employ. Moreover,
the proposed technique can always guarantee that the total
length of replenishment intervals always match exactly with
the planning horizon which means that demand over pre-
defined planning horizon can always be met. However, it
should be noted that the proposed technique here can only
help to deal with the cases of increasing demand and
completely backlog.

Further development of this technique is possible to be
done i.e., by considering partial backlog case.
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