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Abstract. An » items joint rcplcnishem inventory problem is considered here, where the demand of each
items are constant and deterministic. A joint replenishment is conducted periodically every 7" time intervals.
However, all items may not be included in each replenishment. Item i is only included every Z T time ljervals.
Replenishment of item are instantaneous and contain of impcrfcqualil_v items. After screening. items of
poor qlmy are sorted. kept in stock and sold at a salvage value as a single batch within the replenishment
Bcle. Shortages are allowed and completely backordered with maximum backordering quantity B,
Mathematical model is formulaf€} in order to determining the basic time cyele 7' replenishment multiplier Z,
and backordering quantity B; in order to maximize the expected total profit per unit time. A solution
methodology is proposed for solve the model and a numerical example is provided for demonstrating the

effectiveness of the proposed methodology.
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1. INTRODUCTION

In order to obtain cost efficiency in the multi item
inventory system, joint replenishment of items is one
possible way to be conducted. Irmc inventory research
literature, a problem so called the joint replenishment
problem (JRP) has been investigated in order to Eldress the
situation in multi item inventory system where a group of
items may be jointly or@@@d from a single supplier
(Khouja and Goyal, 2008; Moon et al., 2008; Tsai et al..
2009; Wanf§B al., 2012)

Since assumption of perfect quality is unrealistic in the
industrial application, nowadays there is a trend for
relaxing the assumption of et quality in the inventory
modeling research area. Salameh and Jaber (2000)
proposed an economic production quantity model for a
buyer who receives imperfect item from its supplier. After
that, some other researchers have been extending their
work by considering various opd&fifional setting in the
inventory modeling (Konstantaras et al., 2007; Yoo et al.,
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2009; Chang and Ho, 2010). Shortage backorder also had
been considered in some extension of this work. i.e. Rezaei
(2005) and Wee et al. (2007).

In the JRP research area, na\ Paul et al. (2014) that
has incorporated the relaxation @8 perfect quality ifems in
the JRP model by considering the cases of with and without
price difffnt. This paper is considering the case of
shortage in the JRP model for imperfect quality items, that
to the best of authors knowledge never been proposed
before. A nfEfhematical model is formulated for this
situation and a solution methodology is proposed to solve
the lmematical model.

The remainder of this paper is organized as follows:
Second section 1s defining the problem formulation. After
that the mathematical EEbdeling and its solution
methodology are proposed in section 3 and 4, respectively.
Finally, some the conclusion of this study is presented with
some suggestions for further research in this research area.
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2. PROBLEM FORMULATION

Anff} items inventory problem is considered here.
where the demand of each items are constant
deterministic. The demand rate of item i is [J; units per
unit time. Replenishment of item i is instantancof with
size of y; units and unit-purchasing price of $ec,. A joint
replenishment is conducted periodically every T time
intervals. However. all items may not be included in each
replenishment. Item 7 is ma included every Z7T time
intervals. In other word. Z;T is the cycle time of itefds] A
replenishment incurs of major ordering cost SK and minor
ordering cost for every item 7 included in the
replenishment. Each lot receivamontains p; fraction of
defectives. in which 0 < p, < 1. with ff@nown probability
density function f; (p). For identifying defectives. a 100%
screening process of the lot is conducted at a rate of x,
1crc x; = Dy. The screening cost of item 7 is $d; per unit.
Items of poor quality are sortenkept in stock and sold at a
salvage value of $v, per Blit as a single batch within the
replenishment cvycle. The inventory holding cost of item 7 is
$h; per unit per unit time and the selling price of good-
quantity items is $s, per unit. Shortages are allowed and
completd@y backordered. The maximum backordering
quantity of item 7 is B, and the backordering cost of item i is
,- per unit. The decision to be taken in this sifuation is
determining the basic time cycle 7. refhishment
multiplier 7. and backordering quantity B; in order to
maximize the expected total profit per unit time.

B oblem Assumption

I. The demand rate for each item is constant and

deterministic.

The replenishment lead time is known and constant.

The EZlenishment is instantaneous.

@he entire order quantity is delivered at the same time.

The screening process and demand for all items proceed

simultaneously, but the screening rates are greater than

mand rates, x; =D,.

6. The defective items exist in lot size y,. The defective
percentage, p;. has a uniform distribution with [a, f],
where 0< a, < f; <1.

7. Shortage is completely backordered.
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3. MATHEMATICAL MODEL
1

The inventory cycle fdffitem .f,-'ith imperfect quality
and complete backordering is illustrated in Figure 1. After
screening process is corfffleted at time £, the inventory level
is reduced by py; unit due to the withdrawal {efective
items. Stock shortage are allowed and completely
backlogged at the beginning of each cycle. Shortages are

avoided within the screening time. hence p; is restricted to

D.
pis1-=L §))

x;

Total revenue per cyele of item 7 can be calculated as
TR, =(1=p; ) yisi + PYi (2)
Inventory Level

Iy

o

Time

Figure 1. Inventory system behavior

Since ZT1 = (l— p.-)}'. /D,

. the relationship between
order size and replenishment time can be stated as
= ZITD:'
y; =
(I = PI]
Hc after substituting Eq. (3) into Eq. (2) and some
algebra. the total revenue per unit time is

TR I' = ZD i si' ar p‘. vﬂ' (4)
o )
18 i=l ?
Therefore, the expected total revenue per unit time for
uniformly distributed defective can be formulated as

+af+ﬁ" 1 In[l_ai ]v‘] (5)
2 f-g 1-4,

The sum of purchasing cost, screening cost, holding
cost. and backordering cost of item 1 can be stated as

3)

5

ETRU = ZD
i=1

2
1i-py-B) | py}
2 D, X,

i ]

IC;=c;y; +d;y; +h

1 hB?
+ — ———
2 B

Adding the major and minoifff@lering cost for the case
of joint replenishment, the total cost per unit time can be
calculated as

(6)
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After some algebra and substituting the probability

density function of the percentage defective items, the
expectation of total cost can be formulated as

H k’
- e 7 " I=
ETCU = ‘f‘—‘+%+2(c, +d,)D, ;m[—a']
1 7 = -, ]_){ir
B?
+h, li"Z‘.D, -B, +i;+
2 2 Z,ID,
77,0} B+, 1 1 BB}

+ (8)
x, 2. (l—a,}(l—ﬁ,.)] 2DIZ,
4
The expected net profit per unit time, ETPU, is
determined by the expected total revenue per unit time less
the expected total cost per unit time

ETPU = ETRU -ETCU 9
Therefore, the expected net profit per unit time can be
stated as function of variables, i.c. ETPU = f(T.Z,.B,)

4. SOLUTION METHODOLOGY

The expression of ETPU is consist of both real
variables, i.e. " and B;, and integer variables, 1Le. Z.
Therefore, an iterative procedure is proposed here:

Step 1. Set initial value of Z, §E} initial value of B, = 0.
Step 2. Given Z; and B;, find the optimal value of 7. This is
a single variable optimization of T, see section 4.1 for the
derivation of 7.

Step 3. Given T and B,, find the optimal value of 7, The
condition for obtaining Z; is presented in section 4.2

Step 4. Given I"and Z,, the optimal value of B; can be found
independently, see section 4.3 for the derivation.

Step 5. Repeat from step 2 until convergence is reached, i.e.

the current result of T 1s similar with previous calculated 7.
4.1. Derivation of T in the Step 2

Given the value of Z; and B, the ETPU is function of
single variable 7' Set tHffjnecessary condition of single
variable optimization, i.e. the first derivative of the function
equal to zero, one can obtain

692

Sk b B
Fora A (A Pyl St D
[ ;[4 2 ZD,

2 " X,

1 5,82 }]
+ . .
2 DL
(10)

B+a
2(1-a)(1-5)

For the first iteration, where all Z, = 1 and B, = 0, the
optimal value of T"can be simplified into

[K+i:k,.]
7%= i=1

o D2 e
Zh{[lpﬁ_iﬂ
220 g 20-a)(1-5)
It is noted that the second denvative of ETPU with

respect to 7' can be derived as
2 ; " 2 2
= J k h B b.B.

fig’i.:u_%r K+Z H’..I...,.._:_.’_J_...,._l_..f.___z._ (12)
dr T \z, 22D, 2Dgz,

i=

r*=

i=1

(an

Therefore. it can be shown that 7* calculated in Equation
(10) or (11) is a maximum point.

4.2. Obtaining Z; in the Step 3

Given any value of B; and T, the ETPU is a multi
variable optimization of integer 7. The expression of
ETPU can be rewritten as follow

ETPU = ETPU, —Z ETPU,(Z;)
i=l
Therefore, the problem of maximizing ETPU can be
dividing into problems of minimizing FETPU(Z)
independently. Since Z; is a discrete integer. the optimality
conditions of ETPU(Z)) are

(13)

ETPU,(Z,") < ETPU,(Z]" +1) (14)
and
ETPU,(2,") s ETPU, (2 -1) (15)

After some algebra, the optimality condition for Z; can
be written as follow

7' (2 -1)s¥, <2 (2 +) (16)
where
2
A',-+B—"(h,-+b,-)
1 2D,
Y= - (17
T £D+h"D" B +a;
27 N 2(1-¢)(1-8)




Ai, Astanti, and Gong

4.3. Derivation of B; in the Step 4

Given any value of Z; and 7. the ETPU is a mult
variable timizntlcm of B;. Since B; are real variable, one
can take the first derivative of the function equal to zero as
the necessary optimality condition.

B.
g ETPU =h —— (h,.+b,.)=0 (18)
oa; |

Therefore, the optimal value of B, can be stated as

h.
B*= ——Z.TD. (19)
(B +5)
It is noted that the second partial derivative of B, are

2 h +b,
a—z,’ETPU = —u Vi=1...n (20)

BB‘- ~ bt

aZ
ETPU =0 Vi#j 21
3B,0B,

Hence, one can prove that the Hessian matrix is negative
definite. Therefore, it can be shown that the B;* is the
maximum point.

5. NUMERICAL EXAMPLE

In order to show the applicability of the proposed
method, a numerical c)mp]c of 4 items inventory problem
is presented here with. The major ordering cost is $40. The
other problem parameters are presented in the Table 1.

Table 1: Problem Parameters

i 1 2 3 4
D, | 10000 | 2000 | 4000 | 500
¢ | 20 5 30 | 15
n| 2 05 | 3 1.5
x| 20000 | 3000 | 7500 | 2500
d | 04 | 02 ] 03] 05
vw| 10 [ 25 ] 15 |75
k| 15 15 [ 15 [ 15
a 0 0 0
g 025 |63 | 62 | 025
b | 5 3 4 10

Following proposed methodology in Section 4, the
value of T, Z,, and B, can be calculated as shown in Table 2.
It is noted that the process is convergence after 6 iterations.

Table 2: Calculation Steps

Iteration 1 ! ! = 2 =
Z | 1 ! 1 L

1 0.0716 B: 0 0 0 0
7 1 2 1 3

2 | 00665 I 5 T204.55 [ 40.91 | 122.73 | 1401
3| 0.0660 ; 19(‘;05 3820] 1141,03 13301
4 | 0.0660 é 18;.63 372.73 1131_18 1;92
5 | 0.0660 g, 1881.50 372.70 1131.10 12:-;91
6 [0.0660 é 18;.48 372.70 1131.09 12:-%91
AN 2 ! .

7| 00660 T g8 a8 | 37.70 | 113.09 | 1291

6. CONCLUDING REMARK

This paper is successfully presented a mathematical
model for joint replenishment inventory system considering
imperfect quality items and shortage. A solution
methodology for solving the model is also proposed
altogether with one numerical example. This model and
solution methodology is readv to be extended to other
problem variants that are commonly exist in the inventory
research area.
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