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ABSTRACT

Originally, the consecutive method was proposed by (Wang, 2002a) to determine inventory
policy for the non shortage case. Later on Astanti and Luong (2009) extended the work of
Wang by developing new algorithm based on consecutive method for shortage case but
limited on completely backlog situation. It is noted that the shortage case is the situation
when customer arrive but the goods are not there. When all customers are willing to wait
until the next replenishment, it is called completely backlog situation. However, in the real

situation it often happens that some customers are willing to wait, but the other prefers to
find another supply sources, or it is called partial backlog case. The work of this research,
therefore are going to develop the algorithm for determining inventory policy with partial

backlog case.

Keywords: Inventory policy, heuristic, consecutive method, partial backlog
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CHAPTER 1
INTRODUCTION

1.1. Introduction

Inventory policy deals with hanagement of stock level of goods’ (Heyman and Sobel,
1990) and comprises of decisions about when and how much the order/production should
be placed. Those decisions are crucial, since a company have to manage its inventory

properly in order to meet customer’s demands with minimum cost.

Before developing an inventory policy, demand should firstly be estimated. Demand of a
particular products itself has either probabilistic or deterministic characteristic. Many
researches on inventory policy have been done dealing with probabilistic demand such as
Silver (1978), Askin (1981), Wemmerlov and Whybark (1984), Bookbinder and H'Ng
(1986), Vargas and Metters (1996), Bollapragada and Morton (1999), Tarim and Kingsman
(2004), Tarim and Kingsman (2006), and Pujawan and Silver (2008), among others.
However, the focus of this research is on deterministic demand. It is noted that if the result
of the developed algorithm is promising for the case of deterministic demand, then the

developed algorithm will be extended to the case of probabilistic demand.

Based on the research that was done by Astanti and Luong (2009) it shows that the results
of heuristic algorithm based consecutive method are comparable to the results of other
methods, especially for the case of deterministic demand and completely backlog case.
More over that method is easy in concept and computationally simple. It is noted that the
completely backlog case is the situation when customer arrive but the goods are not there,
but all customers are willing to wait until the next replenishment. However, in the real
situation it often happens that some customers are willing to wait, but the other prefers to

find another supply sources, or it is called partial backlog case.

Even though many researches have been done in the area of inventory especially in the
case of deterministic and backlog case, the research in this area is still interesting as the

problem of inventory always appears in practical situation. Therefore, finding the



algorithm that are easy for the practitioners to understand and computationally simple is
challenging.

1.2. Problem Statement

As it is mentioned in the previous section that the result of heuristic method based on
consecutive method for completely backlog case are comparable to the results of other
methods. This has inspired the research in this proposal which is focusing on developing
the heuristic algorithm to help determine optimal operational parameters of inventory
policy for partial backlog case. As the problem of inventory appears in practical situation
then the development of algorithm to solve inventory problem that is easy for the

practitioner to understand and computationally simple will be developed in this research.

1.3. Objective

The primary objectives of this research is to develop heuristic algorithm based on
consecutive method to help find optimal operational parameters, i.e., replenishment times
and shortage points, for the case of deterministic demand and partial backlog case that are

easy in concept, computationally simple but still providing good results.



CHAPTER Il
LITERATURE REVIEW

The literature review on inventory policies in this section focuses only on deterministic
demand shortage case, especially partial backlog case. In reality, the shortage period might
occur in each replenishment cycle, e.g., when customer arrives, no stocks of goods are
available. From the standpoint of supplier, shortage sometimes is economically preferable,
e.g., when holding cost is significant high as compared with shortage cost. The shortage

case can be divided into two which are completely backlog and partial backlog cases.

Inventory models with infinite planning horizon of partial backlog case with fixed fraction

of backlog had been proposed in (Montgomery,1973). They developed models and solution
technique for not only constant demand rate, but also stochastic demand rate, in which
covers continuous and periodic review models. The work had been extended by
considering customer impatience into the fraction of backlogged demand, in which the
backlog fraction is modeled as linear function (San Jose, 2005) and general non increasing
function (San Jose, 2005). Instead of infinite planning horizon, a finite planning horizon
model for this situation (Zhou,2004) developed the heuristic method for SFI policy, not

only for linear increasing but also for nonlinear increasing demand.

The summary of the past related researches and their characteristics is presented in Table
2.1 below.



Tabel 2.1. Literature Review on Inventory Policy with Partial Backlog Case

tion

Demand Pattern
- Demand's Type of
Horizon | characteri Deterioration Shortage Method Note
Author stic Increasing Decreasing shortage
F I D|S|C| L |NL|L NL | Yes No Yes| No| CO| PR| H| E
Montgomery ) o
\/ \/ \ V V V Fraction of backlogged demand is fixed.
(1973)
Zhou, et al. Shortage is not allowed to happen at the end of planning
v y R O Vo | | o
(2004) horizon. Partial backlog rate as waiting-time-dependent.
Jose Backlogging rate is a continuous and non increasing two pig
v v VoW Vo |
(2005) function.
Jose J J J J J J Fraction of backlogged demand is negative exponential fung
(2006) of the waiting time.
Note:
D:
F: Finitte Determinis  C:Constant NL: Non Linear PR: Partial E: Exact
tic
S:
IInfinite . L:Linear H: Heuristic
Stochastic Co: Completely




CHAPTER 11l
MATHEMATICAL MODEL

Basic mathematical model in this research is developed based on the following

assumptions:
a) The mixture of backorders and lost sales during the stock out period is known and

constant. p is the probability that an order will be backlog when shortage occurs,

therefore the fraction of lost sales(is- p).

b) The replenishment is made at time(i =1, 2,...n)

c) The quantity received df is used partly to meet accumulated backordered in the
cycle fromtimes tot, (s <t;)

d) The inventory at; gradually reduces to zero gt, (S., >t ), in which a new cycle

starts.

e) Shortages are permitted in the beginning of the peispd @) but no shortages are
permitted at the last cycles(, =H)

The behavior of inventory level function of the inventory problem that is considered in this

paper is presented in Figure 3.1.

$1=0 4 Siet Y\
Backordered

Shortage

Lost sales

*
|
|
|
¥

Figure 3.1. Inventory level over the whole planning horizon



The notations that are used in this research are as follows:
H length of the planning horizon under consideration

f(t) instantaneous demand rate at time

C; fixed ordering cost per order

c, Vvariable purchasing cost per order

C, holding cost per unit per unit time

Css the backlogging cost per unit per unit time due to shortages

Cy the unit cost of lost sales

n number of replenishment OVEID, H]
t theith replenishment timé = 12...,n)
S the shortage point at cycle which is the time at which the inventory level

reaches zero in thien cycle [sI ,s|+1]; except thats,, =H)
I(t) :inventory level at time, that is evaluated after replenishment arrives at

time t =t,

in theith cycle|[s,s., |

Using the assumptions above, the expression for the total cost which includes ordering
cost, variable purchasing cost, holding cost, backlog cost, and cost of lost sales, total cost

of the inventory system during the planning horizorwhenn order are placed is as

follows:
c(nfs} {t}) =D R +cl +cs§ +eql, (3.1)
i=1
in which
|, is the inventory level duringh cycle
S+ 541 S
I :j j f(r)drdt:j (t—t)f(t)dt (3.2)

P is the purchase cost during thiereplenishment cycle, and as:

R=c, +c, [j ot (Ot + | f(t)dt} (3.3)



S is the amount of backordered durinigcycle, as:

S = I S(t)dt (3.4)
S

Gt &
s:” pf (r)drdt = pJ'(ti —t)f ()t
S5 S
L, is the number of lost sales duriitgcycle, as:

L :}(1— p)f ()dt (3.5)

From (2), (3), (4), and (5) the expression of the total cost can be defined as:

n ti Sﬂ ﬁﬂ
c(n{s}{t})=> a; +C1{J' pf(t)dt+J' f(t)dt}cz_[(t—ti)f(t)dt
i=1

E t t

t‘ t, (3.6)
+ey [ P)f Ot + | (-0 Oct
S S



CHAPTER 1V
DEVELOPMENT OFALGORITHM BASED ON CONSECUTIVE
METHOD

From (3.6), it can be seen that the total inventory cost function can be determined if we
know the value of replenishment tinges and shortage points’s. In this paper, the value

of shortage points’s is determined by using consecutive method proposed by Wang
(2002a), who originally developed it to find replenishment tip'®for non-shortage case.
Then, the proposed heuristic technique is applied to determine replenishmentstiriés

noted that the main idea of both Wang’s consecutive method and the proposed heuristic

technique is to check if there are any possibilities to reduce the total cost. Detail procedures

to find replenishment time’s are explained in Section 4.1.
4.1. Procedure to find{t}

Replenishment timeg’s in each cyclei can be determined by solving a maximization
problem, with the objective function is to maximize the reduction cost. Reduction cost here
is defined as the difference between the cost of holding the inventory with cost of
backorder and lost sales. The reduction cost is presented graphically in Figure 4.1 and can
be written as follows:

5

t t
[a-p (t)dt}—cgs ( []f (t)dtdt} (4.1)
S

S5

t\ $+1
Maximize RC™" :Cz(J.J' f(t)dtdt}+(cl\, —Cy)
gt

Subject to
S Sti SS4u
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Figure 4.1. Reduction cost

If the maximum reduction cost give the positive value it means that a replenishment is
allowed to be occurred during the cygleotherwise a replenishment is not allowed to be
occurred, since the negative value of reduction cost means that a replenishment will
increase the total cost.

If t is the optimal time for replenishment time during the intefyad ,,], thent’ satisfies

the Equation 4.2 :

0]
R =[eF (8:)=CF (1) ¢y A= P)F ()] ~[ea (= P)T €)= CaxPF (§)+ ouPF )] = O (4.2)

As the demand ratef(t) is assumed to be increasing ang>c,, the second-order
derivative is :
d2rct)

2
o |,

=—c, f(t)+(@-p)f (t)(cy —Cq)—Caxpf () <O,

which implies that we can reach the maximum pointat; .



4. 2. Numerical Example

To illustrate the result, we apply the proposed methods to solve the numerical example.
The example is similar with the example on (Dye, 2006), but in this paper no deterioration

rate is applied, and the fraction of backorder is fixed=(0.3) and also in order to meet the

assumption that, >c, , therefore the value af, andc,are changed.
Example 1.

Let f(t)=50+3,H =4, ¢; =250, ¢, =200,c, =40, c; =80, ¢y = 220.

This example is then solved by the proposed method using Matlab 7.1, and the result is
presented below in Table 4.1 with total cost of 48913.98 and the detail result is presented

in Table 4.2. In addition the code of the program is provided in Appendix 1.

Table 4.1. Replenishment Schedule for Example 1

cycle i ti S

1 0.1119 0
0.6307| 0.5238
1.1421| 1.0398
1.6466| 1.5487
2.145| 2.0507
2.6373| 2.5471
3.1236| 3.0371
3.6043| 3.5214

O O N| O Oof Al WO N
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Table 4.2. Result of Numerical Example

i T i s F) o) FF (D) FF(9 | Holding | jortage | Last o Quantity | Holding | Shortage | | ogeptes (\)/?éi) r'fé
1.00 | 0.1119 | 1.00 | 0.0000 | 5.6142 | 00000| 03138| 00000 | 4.3392 0.0941 | 3.9300 | 22.6703 | 173.5675| 7.5310 864.5917 4534.0612
2.00 | 0.6307 | 2.00 | 0.5238 | 32.1312 | 26.6003 | 10.0697 |  6.9304 | 4.4112 0.0886 | 3.8717 | 23.1401 | 176.4462] 7.0889 851.7691 4628.0154
3.00 | 1.1421| 3.00 | 1.0398 | 59.0642 | 53.6120 | 33.3575| 27.5920 | 4.4833 0.0836 | 3.8165 | 23.6061 | 179.3310] 6.6894 830.6277 4721.2295
4.00 | 1.6466 | 4.00 | 15487 | 86.3985 | 81.0347 | 70.0170 | 61.8219 | 4.5522 0.0787 | 37547 | 24.0565 | 182.0884] 6.2954 826.0336 4811.2933
5.00 | 2.1450 | 5.00 | 2.0507 | 114.1500 | 108.8458 | 119.9571 | 109.4516 | 4.6272 0.0749 | 37129 | 245260 | 185.0888] 59923 816.8449  4905.1953
6.00 | 26373 | 6.00 | 2.5471 | 142.2968 | 137.0847 | 183.0524 | 170.4510 | 4.6936 0.0705 | 3.6484 | 249600 | 187.7445| 56378 802.6571 4992.0031
7.00 | 3.1236 | 7.00 | 3.0371 | 170.8167 | 165.6932 | 250.1643 | 244.6127 | 4.7601 0.0664 | 35865 | 253910 | 190.4025| 53133 789.0246 5078.2033
8.00 | 3.6043 | 8.00 | 3.5214 | 199.6987 | 194.6707 | 348.1771 | 331.8405 | 4.8241 0.0624 | 35196 | 25.8097 | 192.9624] 4.9954 7743147 5161.9414
9.00 9.00 | 40000 | 0.0000 | 224.0000 | 0.0000 | 432.0000 | 0.0000 20.8403 | 194.1597 | 1467.6312 49.543] 6564.8633 38831.9425
10.00 10.00 224.0000
11.00 11.00
12.00

TC 48913.98

11



Example 2.

The second example is applied for the case when the demand rate is constant.

In this casef (t)=3t H =4, ¢; =250, ¢, =200,c, =40, c;, =80, ¢y =220.

This example is then solved by the proposed method using Matlab 7.1, and the result is
presented below in Table 2 with total cost of 6126.14.

Table 2. Replenishment Schedule for Example 2

cyclei| t S
1 0.8004| 0
2 1.7439| 1.3333
g 2.6564| 2.3094
4 3.4955| 3.2041
5 4

12



CHAPTER V
DISCUSSION AND FURTHER WORK

Based on the numerical examples provided in the previous section, it can be seen that the
proposed algorithm works for the case of linear increasing demand. Further work will be
conducted to explore the application of the proposed method to more varying demand
pattern. In addition, the proposed method will be compared to other heuristic method i.e.

Nelder Mead technique proposed by Chen (2007).

13
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APPENDIX 1.

function y=A(x)

t0=0.340502571826049;

t1=0.584971443459525;
y=(x-t0)*(feval(@g,t1)-feval(@g,x));

function y=f(x)

y=10*X+2*x"2;

function y=g(x)

y=5*x"2+2/3*X"3;

function y=Gc(x)

y=5/3*x"3+1/6*x"4;

function y=h(x)

t0=0.340502571826049;

t1=0.584971443459525;
y=feval(@g,t1)-feval(@g,x)-(x-t0)*feval( @f,x);
function y=R(x)

s0=0;

$1=0.1954138487892830;
y=4*(feval(@g,s1)-feval(@g,x))+(10*0.3*feval(@f,x))-
(10*0.3*feval(@f,x))+(8*0.7*(feval(@g,s0)-feval(@g,x)));

% Sub-problem1_Method2_SampleProblem1

c1=9;% Setup Cost

c2=2;% Holding Cost
c3=2.5*c2;% Shortage Cost
%Demand parameters

0=0;

p=900;

g=100;

16



r=0;

t(1)=0;% Beginning of horizon

s(1)=1;% End of planning horizon

n(1)=1;% Number of replenishment at initial period
n_add =1;

while n_add >0
r=r+l;
n_add = 0;
for i=1:1:n(r)
t old =1.0e308;
t_new= (t(i)+s(i))/2;
while abs(t_old-t_new)>1.0e-6
t old=t_new;
s_add =((t(i)*c2)+(t_old*c3))/(c2+c3);
disp (s_add);
a=s_add,
b = s(i);
fa =tz (a,a,b,0,p,q,c2,c3);
fb =tz (b,a,b,0,p,q,c2,c3);
while (b-a) > 1.0e-6
m = (a+b)/2;
fm =tz (m, s_add, s(i),0,p,q,c2,c3);
if fa*fm < 0
b=m;
fb = fm;
else
a=m;
fa =fm;
end
end
t new = (at+b)/2;

17



disp (t_new);
disp (t_old);
end
t_opt=(t_old+t_new)/2;
disp (t_opt);
c=t(i);
b=s(i);
TC1=tcl(c,b,0,p,q,cl,c2);% Evaluating total cost between one and two replenishment
disp (TC1)
a=s_add;
d=t_opt;
TC2=tc2(a,b,c,d,o0,p,q,c1,c2,c3)
if TC2<TC1
n_add = n_add+1;
t(n(r)+n_add) =t_opt;
s(n(r)+n_add)=s_add;
end
end
n(r+1) = n(r) + n_add,
B = sort(t);
t = B;
disp(t)
C =sort (s);
s=C,

fori=1:1:n(r)-1
holding(i)=W(t(i),s(i),0,p,q);
shortage(i)=S0(s(i),t(i+1),0,p,q);
TC=TC+cl+c2*holding(i)+c3*shortage(i);

18



end
holding(n(r))=W(t(n(r)),1,0,p,q):
TC=TC+c1+c2*holding(n(r));
disp (‘Total cost is:")
disp (TC)

end

fori=1:1:n(r)-1
order(i)=Q(t(i),s(i),0,p,q);
TO=TO+order(i);

end

last_order(i)=Q(t(n(r)),1,0,p,q);
TotalOrder=TO+last_order;
disp(‘Quantity orders are’)
disp (TotalOrder);

SO=0;

for i=1:1:n(r)-1
gshortage(i)=S(s(i),t(i+1),0,p,q);
SO=S0O+gshortage(i);
disp ('Quantity shortages are')
disp (gshortage);

end

end

19
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ABSTRACT

Originally, the consecutive method was proposed by Wang [1] to determine inventory policy for the non shortage case.
Later on Astanti and Luong [2] extended the work of Wang by developing new algorithm based on consecutive method
Jor shortage case but limited on completely backlog situation. It is noted that the shortage case is the situation when
customer arrive but the goods are not there. When all customers are willing to wait until the next replenishment, it is
called completely backlog situation. However, in the real situation it often happens that some customers are willing to
wait, but the other prefers to find another supply sources, or it is called partial backlog case. The work of this research,
therefore, is going to develop the algorithm for determining inventory policy with partial backlog case.
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1. Introduction

Inventory policy deals with “management of stock level of goods” [3] and comprises of decisions about when and how
much the order/production should be placed. Those decisions are crucial, since a company have to manage its inventory
properly in order to meet customer’s demands with minimum cost.

Before developing an inventory policy, demand shoulq firstly be estimated. Démand of a particular products itself
has either probabilistic or deterministic characteristic. Many researches on inventory policy have been done dealing
with probabilistic demand such as [4-12], among others. Eowever, the focus of this research is on deterministic de-
mand. It is noted that if the result of the developed algorithm is promising for the case of deterministic demand, then the
developed algorithm will be extended to the case of probabilistic demand.

In reality, the shortage period might occur in each replenishment cycle, e.g., when customer arrives, no stocks of
goods are available. From the standpoint of supplier, shortage sometimes is economically preferable, e.g., when holding
cost is significant high as compared with shortage cost. The shortage case can be divided into two which are completely
backlog and partial backlog cases. The completely backlog case is the situation when customer arrive but the goods are
not there, but all customers are willing to wait until the next replenishment. In the partial backlog case, however, some
customers are willing to wait, but the other prefers to find another supply sources.

Inventory models with infinite planning horizon of partial backlog case with fixed fraction of backlog had been
proposed in [13]. They developed models and solution technique for not only constant demand rate, but also stochastic
demand rate, in which covers continuous and periodic review models. The work had been extended by considering cus-
tomer impatience into the fraction of backlogged demand, in which the backlog fraction is modeled as linear function
[14] and general non increasing function [15]. Instead of infinite planning horizon, a finite planning horizon model for
this situation [16] developed the heuristic method for SFI policy, not only for linear increasing but also for nonlinear
increasing demand. :

Based on the research that was done by [2], it shows that the results of heuristic algorithm based consecutive me-
thod are comparable to the results of other methods, especially for the case of deterministic demand and completely
backlog case. More over that method is easy in concept and computationally simple. The work of this research, there-
fore are going to develop the algorithm for determining inventory policy with partial backlog case and finite planning
horizon. Section 2 of this paper is containing the mathematical model of the inventory model with finite planning hori-
zon of partial backlog case with fixed fraction backlog. Then, the heuristic algorithm based on consecutive method for
solving the problem is presented in Section 3. Finally, an example of the application of the heuristic is presented in Sec~
tion 4.
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